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evident all the way to the asymptotic form for large times and distances, for which we
have VYV

& = 5%
2x°
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A reciprocal principle for dynamic problems of the theory of elasticity is given in the
papers [1 to 3], In this paper, a more general reciprocal principle is presented for the
case in which displacement as well as traction boundary conditions are imposed on an
elastic body. In contrast to the generally used method of derivation of the reciprocal
theorem in dynamics, employing the Laplace transform and Betti's 1aw, the theorem of
reciprocity is derived here from a variational principle,

We note that in [4] the opposite route is used for static problems, i, e, the variational
principles of the theory of elasticity are deduced from the reciprocal theorem.

Let Uy , Uy, TTyx be the components of the displacement, velocity, and generalized
momentum vectors: €4, and 0¥ the components of the strain and stress tensors; E!m
the components of the tensor of elastic constants: X% and P* the components of the
body force and external traction vectors; k the components of the specified displace-
ments; and P, /' and S the density, volume and surface of the elastic body.

The solution of a dynamic problem of the theory of elasticity reduces to the integra -
tion of the equations of motion _ ank
Vit 4 xF = (1)
where

. . 1
ot = E”‘"eﬂ, meo=poy, By = 5 (Vi + Vi) 2% = 5 2
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under the following conditions :
1) the traction boundary conditions
Giknh_ — pt (3)
on the part Sy of the surface S';
2) the displacement boundary conditions

Uy = Uy, (4)
on Sy, the remaining part of S';
3) the initial conditions
up = U My = (5)

at the instant of time £ =10,
The problem (1) to (5) in the time interval (0, T)can be represented in the form of
an equivalent variational principle

8J =10 (6)
where . ’
J =S {-—- P pvi*vi -3 E““leik *e; + Xix u; — it (=", 1) [4; (=F, 0y— u,’} +
'
+ Mo (xk,'z)}dv LS pteuas 4 Gy — v sstagas (%)
S, S,

and where the following notation has been used ;
T

F*G:SF(x",t)G(mk,r——t)dt (8)
¢
To derive the reciprocal theorem, we shall use the fact that if the equations and con-

ditions (1) to (5) are satisfied, then for any choice of variations éuk the condition (6)
is satisfied,
The first variation of the functional (7) can be written in the form
8§J = S{—— pvi* o, — Eikjleik * 68jl + Xie Su; —
v
— [u; (=¥, 0) — u;) bt (2, ) — ' (2F, ) Bu; (2F, 0) + mo'du; (¥, T)}aV +

+ S Plabu,dS + S [y — Uy) » 85 + o™ 2 buy] n, dS )
Sy Sa
Denoting

Sui = u; (10)
and using Green's theorem, we transform Equation (9) into

vq O . . .
8 = V-le——i— *U —{—X’*u.'—!—u.c'n'(a:", ) — 5, O)u.(:zk, T)—
v z at k i i i {

—nt (zk, ) u; (=¥, 0) + n:oiui’ (xk, 1,')} av +

+ S (Plauy — 5% wun)ds — S (Uyn 5 — o 4 ), dS (11)
S, S2
Here the functions 0¥, ¥ are expressed in terms of the functions u'k (by means
of the relations (2) ).
If it is now assumed that the functions u'k are a solution of the elasticity problem (1)
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to’(5) for the body forces X ’% the external mraction 2’¥, and the specified displacements
7 x» the following reciprocal theorem is then a consequence of the condition (6) :

S (X e 4 070 (@) + @, O] av 4 S Pl ui’ g

\Z Sy
— e ugas = (X w10 o (240 4 g e o av +
Sg v
e S Plwuds — S U, » ¥nds (12)
Sy Ss

Unlike the well-known reciprocal theorem of the dynamic theory of elasticity, the
reciprocal relation (12) is also applicable in the case of specified displacements or for
a joint specification of traction and displacement boundary conditions,

For statics, the integral (8) assumes the form

FxG=1F (&% ¢ (25 13

and the following reciprocal theorem is obtained from Equation (12)

(xtupavy § Py as — vy nas = { Xty 4 § piuas — \ v sitnas (1)
v

i £ 1 St
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